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1 Introduction 

The presence of operators which are called irrelevant, in the terminology of the renor¬ 
malization gronp approach, do not change the valnes of leading critical exponents. 

The determination of snbleading exponents is generally a hard task. But there are 
systems, an example is studied in |]^, which are simpler to study: in these cases one 
can find observables for which an irrelevant operator contribute at the leading order. 
This happens when the irrelevant operator breaks some symmetries of the system. 
In such a situation, a generic observable, which is not invariant under the action of 
the broken symmetry, has a non-vanishing mean value, whose scaling behaviour is 
controlled by a correction-to-scaling exponent. 

The problem considered in |l| is that of a self-avoiding-walk (SAW) which must 
avoid a semi-inhnite needle, corresponding for instance to the positive 2;-axis. This 
extra interaction breaks the inversion symmetry z —»• —z!. As a consequence, when 
this interaction is irrelevant, in the critical limit N ^ oo, where N is the length of 
the walk, (z) {z being the component of the end-point) will scale as where z/ 


is the universal critical exponent for the correlation length, and A is the subleading 
exponent, that “a priori” depends on the specihc symmetry broken by the needle. 

In this paper we offer some simple and quite general arguments which suggest that 
the hrst subleading exponent A does not depend on the set of broken symmetries, but 
only on the dimensionality of the excluded region. An explicit value for this exponent 
is conjectured. We reserve analytical and numerical details to a forthcoming paper. 

2 Dimensionality of defects and correction to scal¬ 
ing 

We intuitively expect that the asymptotic critical behavior of a random object W, 
of dimension d{W), embedded in a space of dimension d, is not modihed by the 
exclusion of a set V, of dimension d{V), when the probability of intersection of these 
two objects is vanishing. This depends only on the dimensionality of the involved 
geometrical objects. The fundamental rule in geometric probability for the dimension 
of the generic intersection 1/ ft W of the two geometric sets V and W is 


d{VnW) =d{V) + d{W)-d 


( 2 . 1 ) 


If this quantity becomes negative, then V and W do not generically intersect in re¬ 
gions outside any bounded volume in the space d. Equation (p.l|) holds also for a 
random geometry, where one considers a probability measure on a conhguration space 
which is concentrated on a set of events with given Hausdorff dimension. An inter¬ 
esting application in this context is the well-known random-walk representation of 
the euclidean 0(n)-vector held theory [Q, |^. In this representation, the interaction is 
concentrated on the intersections of walks. As the generic random walk has Hausdorff 
dimension 2, for d > 4 in the critical region only a trivial theory is recovered because 
the dimension of the generic intersection is negative. 

• In a generic space of dimension d > 4, this probability scales towards a limiting 

value with the correlation-length as i.e. as and critical exponents 

have their free-held values, coinciding with the mean-held ones. The interaction 
term is an irrelevant operator in the Hamiltonian and acts at subleading order. 

• In d = 4 the interaction becomes marginal and is responsible only of logarithmic 
corrections to the critical indices [Q. It is said that 4 is the upper critical 
dimension of the model. 

• In d < 4 the interaction is relevant it changes the critical indices and therefore 
the Hausdorh dimensions of the interacting walks. 

In the same way, the models with excluded sets can be regarded as the original model 
with extra-terms in the Hamiltonian. In the case of random walks, the dimension of 
a generic intersection with the region TZ of dimension dn is 


dint — 2 -h d'ji — d 


( 2 . 2 ) 
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For dTz = 0, the case in which a hnite set of lattice sites is excluded, the upper critical 
dimension, introducing logarithmic deviations, is d = 2 . For d-ji = 1 is d = 3, for 
d-Ti = 2 is d = 4 and so on. 

Let us now arrive at the case of SAW. Its Hausdorff dimension is 1/v (see for 
example [^, Appendix B]) and the dimension of a generic intersection with the region 
71 is 

dint = ~ + dTz — d ( 2 - 3 ) 

Using the Flory formula for d < 4, u ^ 3/{d +2), which is exact in d = 1, 2 , must be 
corrected by logarithmic violations in d = 4, and is a good approximation in d = 3 , 
we can say that excluded points and related problems as the persistence problem, 
introduce relevant perturbations if d <l/u, i.e. d = 1. Excluded inhnite needles are 
relevant perturbations in d = 1, 2 , but already irrelevant in d = 3 , so we expect that 
the probability of intersection scales towards a limiting value as i.e. as . 

It follows that the average values {x^)n of the fc-th power of the Ath component 
of the coordinates of the end point of the walk in the ensemble at hxed number N of 
steps behave as 

( 4 '>» = + • • ■) ( 2 . 4 ) 

where the subleading exponent A is given according to our previous discussion by 


A 2z/ 1. 


( 2 . 6 ) 


Using the estimated value z/ = 0.5877 ± 0.0006 P, (|2.5|) gives A = 0.1754 ± 0.0012. 
There is a strict connection between criticality in SAW, which provides a model for 
polymers in a good solvent 0, and hxed-point Hamiltonian in the 0{n) cr-model 
analytically continued to n = 0 i I, i i- We can exploit this analogy looking at 
the critical behavior of SAW’s in terms of the scaling form of the correlation function 
between a spin at the origin and one in the bulk at location r 


GK(f;^() ~ r-<"-"+«'FK(r7?(/3)) + i-4-"+*>F4(r77^()) + ... 


( 2 . 6 ) 


and regarding the excluded regions as vacancies in the 0{n) cr-model. In eq. (2.6) 
(3 is the inverse temperature, and ^ ~ (/3c — is the correlation length in the 
unperturbed theory, the critical inverse temperature f3c and the exponent u are not 
modihed by the presence of the vacancies, unless the excluded region 77 is so big 
that Z'^ \ 77 has lower dimensionality. If the perturbation is irrelevant, the leading 
exponent rj-ji and the scaling function F-jz are the same as the ones in the bulk r] and 
F. The presence of the vacancies appears in the subleading exponent rflj^ and in the 
functional form of F^. Notice that F-jz is isotropic, while F^ will have a non-trivial 
angular dependence. Let the observable O be a function of the end-point position. 
Its mean value is given by 


JGtz (r;/3)0(r)dr 
JGTzir;f3)df 


(2.7) 
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Figure 1: The six different geometries we have simulated. For each geometry we 
have reported as a dot the starting point of the walk (located at the origin) and the 
starting points of the defect-needles (located at distance two from the origin). 


where G-ji (r; /3) is given by (p.6|) . Now consider O {r) such that O {gr) = —O {r) for 
an element g of the symmetry-group of the lattice broken by the region TZ. Of course, 
in (13) Fn does not contribute and therefore the leading contribution is controlled 
byF^. 

3 Models, Monte Carlo simulations and results 

We focused our attention on the problem of the 3-d SAW on cubic lattice, repelled 
by a region TZ which consists of a hnite collection of one dimensional regions. The 
different considered geometries are shown in figure (|^. 

We performed Monte Carlo simulations for the observables that couple only with 
the defects. In principle, they may show in their leading term a symmetry dependent 
scaling exponent, in contrast with our previous claim. We consider a plane {y, z) 
and introduce polar coordinates: y = pcosO and z = psind. Transformations 6 
6 + n'nj^ for n integer), inversion of the axis and transformations 9 tt/2 — 9 
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are lattice symmetries. As a consequence, suitable observables for our purposes are 
quantities with angular dependence of the form: 

• cos 6 or sin^, that couple with operator breaking the invariance under the z and 
and y-axis respectively, 

• cos 20 or sin 20, that couple with operator breaking the invariance under 0 —> 
7r/2 — 0 transformation, 

• cos 40 or sin 40, useful when TZ preserves all the lattice symmetries, as in the 
case in which it consists of six semi-inhnite needles along the two directions of 
the three axis. 


We performed Monte Carlo simulations on the model, using a slightly modified 
version of the pivot algorithm 0, in order to reduce autocorrelation times for some 
observables. Although the estimates were affected by systematic errors, due to the 
neglected next-subleading terms, the resulting exponents were, for each considered 
TZ, in good agreement with the predicted value (|2.5| ) and conhrming the conjecture 
that the leading correction to scaling exponent, introduced in SAW by the presence of 
defects, depends only on the dimension of the set of defects and not on the symmetries 
broken by this set. Details about the Monte Carlo simulations and results will be 
given in a forthcoming paper. 
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